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Multidimensional cosmological- type model with n Einstein factor 
spaces in the theory with I scalar fields and multiple exponential po- 
tential is considered. The dynamics of the model near the singular- 
ity is reduced to a billiard on the (A^ — l)-dimensional Lobachevsky 
space H^~^, N = n + I. It is shown that for n > 1 the oscillating 
behaviour near the singularity is absent and solutions have an asymp- 
totical Kasner-like behavior. For the case of one scale factor (n = 1) 
billiards with finite volumes (e.g. coinciding with that of the Bianchi- 
IX model) are described and oscillating behaviour of scalar fields near 
the singularity is obtained. 
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1 Introduction 



The study of different aspects of multidimensional models in gravitation and 
cosmology in arbitrary dimensions and with sources as fluids and fields we 
started more than a decade ago (see [HElini)- Special attention was devoted 
to the treatment of dilatonic interactions with electromagnetic fields and 
fields of forms of arbitrary rank P|. Here we continue our investigations of 
multidimensional models, in particular with multiple exponential potential 
(MEP) (for D = A case see 0). 

The models of such sort are currently rather popular (see, for example, 
[HI m El ini UD] and refs. therein). Such potentials arise naturally in certain 
super gravitational models ^U] , in sigma- models ^I] related to configurations 
with p-branes and in reconstruction from observations schemes They 
also appear when certain f{R) generalizations of Einstein-Hilbert action are 
considered jTSI- 

Like in [H], here we consider D-dimensional model governed by the action 

Sact = [ d^'Z^HRig] - Kpg^^'dM^'^dN^" - 2V^{v)} + Sgh. (l-l) 

J M 

D > 2, with the scalar potential (MEP) 

\/^(^) = ^A,exp[2A,(^)]. (1.2) 

ses 

Squ is the standard Gibbons-Hawking boundary term )14j . 
The notations used are the following ones: 

* if = (y9°) is the vector from scalar fields in the space H' with a metric 
determined by a non-degenerate / x / matrix (hais) with the inverse one 
(/i"'3);«,/3=l,...,/; 

* As are constant terms; s E S; 

* A, is an 1-form on H': A,(y?) = Xsaf"; A° = h'^'^Xsf^; 

* g = guNdZ'^^ ® dZ^ is a metric, \g\ = \ det{gMN)\, 

M, N are world indices that may be numerated hj 1, . . . , D. 

* i, j = 1, . . . ,n are indices describing a chain of factor spaces; 
A = i,a and B = j, P are minisuperspace indices, 

that may be numerated also by 1, . . . ,n + I. 
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This paper is devoted to the investigation of the possible oscillating (and 
probably stochastic) behaviour near the singularity (see |in|-|Sn| and refer- 
ences therein) for cosmological type solutions corresponding to the action 



We remind that near the singularity one can have an oscillating behavior 
like in the well-known mixmaster (Bianchi-IX) model ^21-^21 (see also 
|28j). Multidimensional generalizations and analogues of this model were 
considered by many authors (see, for example, [I8]-[23j). In [23 IHOl IM] 
a billiard representation for multidimensional cosmological models near the 
singularity was considered and the criterion for a volume of the billiard to 
be finite was established in terms of illumination of the unit sphere by point- 
like sources. For multicomponent perfect-fiuid this was considered in detail 
in and generahzed to p-brane case in [31] (see also and refs. therein). 
Some topics related to general (non-homogeneous) situation were considered 
in [31 EH]. 

Here we apply the billiard approach suggested in [23 IHOl IHI] to a cosmo- 
logical model with MEP. We show that (as for the exact solutions from [3]) 
for 77, > 1 the oscillating behaviour near the singularity is absent. For n = 1 
we find here examples of oscillating behavior for scalar fields but not for a 
scale factor. 

The paper is organized as follows. In Sec. 2 the cosmological model with 
MEP is considered: Lagrange representation to equations of motion and the 
diagonalization of the Lagrangian are presented. In Sec. 3 a billiard approach 
in the multidimensional cosmology with MEP is obtained, and the case n > 1 
is studied. Sec. 4 is devoted to description of billiards with finite volumes in 
the case of one scale factor [n = 1). 



2 The model 



Let 



M = IR X Ml X ... X M, 



n 



(2.1) 



be a manifold equipped with the metric 



n 



g = we 



(2.2) 



i=l 
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where w = ±1, -u is a distinguished coordinate; g"^ is a metric on c/j-dimensional 
manifold Mj, obeying: 

mc[g'] = ^,g\ (2.3) 

= const, i = 1, . . . ,n. Thus, (Mj, are Einstein spaces. 
For dilatonic scalar fields we put 

y." = (2.4) 



2.1 Lagrangian representation 

It may be verified that the equations of motion (see Appendix A) correspond- 
ing to (jl.lj) for the field configuration (j2.2|) - (j2.4j) are equivalent to equations 
of motion for 1-dimensional cr-model with the action 

Sa = ^J duAfl^Gij<P'<P' + Vvj"0^ - 2Ar-V|, (2.5) 
where x = dx/du, 

V = -^H>(^)e2^«W + ^f^^^rf^e-2<^'+2^»W (2.6) 

2 i=i 

is the potential (V^ is defined in ()1.2j) ) with 

n 

7o(0)^^rf,0\ (2.7) 

i=l 

and 

Af = exp(7o - 7) > (2.8) 

is the lapse function. Here 

G,, = dAj - did,, G'^ = ^ + (2.9) 

i,j = l,...,n, are components of a gravitational part of minisupermetric 
and its dual jSH]- 
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2.2 Minisuperspace notations 

In what follows we consider minisuperspace 1R''+' with points 

x^(x^) = (0^y.") (2.10) 

equipped by minisuperspace metric G = G ABdx^®dx^ defined by the matrix 
and inverse one as follows: 



The potential ()2.6|) reads 



" w 



V = -wY: Ase^^^(^) + E ^e.^.e^^^^^^ (2-12) 

s&S 3=1 ^ 

where f/*(x) = U\x^ and U^{x) = U\x^ are defined as 

[/'^(x) = A,„¥.° + 7o(0), (2.13) 

f/i(x) = -0-'+7o(0), (2.14) 

or, in components, 

{U\) = {di,K^) (2.15) 

{U^a) = i-H + dr,Q) (2.16) 

s e S"; 2, J = 1, . . . ,n. 

The integrability of the Lagrange system ()2.5|1 depends upon the scalar 
products of CO- vectors U'^ , W corresponding to G: 

{U,U') = G^''UaU's, (2.17) 
These products have the following form 

(U\U') = ^ -1, (2.18) 
dj 

(U%U'') = -b + \s-\s', (2.19) 

{U%U') = -1, (2.20) 

where 

As ■ Xs' = XsaXs' ph'^^ , b = — — (2-21) 

s, s' G S. 
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2.3 Diagonalization of the Lagrangian 

Let the matrix (hap) have the Euchdean signature. Then, the minisuperspace 
metric ()2.11|) has a pseudo-Euchdean signature 

(— , +,...,+) since the matrix (Gjj) has the pseudo-Euchdean signature jiUj . 
Hence there exists a hnear transformation 

2« = e>^, (2.22) 
diagonahzing the minisuperspace metric ()2.11|) 

N-l 

G = riacdz" ® dz^ = -dz^ dz^ + J2 dz'' ® (2.23) 

k=l 

where 

iVac) = ivn = diag(-l, +1, . . . , +1), (2.24) 

and here and in what follows a,c = 0, . . . , N — 1; N = n + I. The matrix of 
linear transformation (e^) satisfies the relation 

r]ace\e% = Gab (2.25) 

or, equivalently, 

r^-'^ = e\G^^e% = {e\e'), (2.26) 

where e° = (e^). 

Inverting the map ()2.22j) we get 

= e^^ (2.27) 

where for components of the inverse matrix (ef) = (e^)~^ we obtain from 

ef = G^^'e^vca. (2.28) 

Like in jjSl^ we put 

eO = g-if/^, q = [-(f/^, f/^)]V2 = 5i/2_ (2.29) 

where U^{x) = U^x^ = 7o(0) is co- vector corresponding to the cosmological 
term, or, in components 

(f/^) = (d„0), (2.30) 
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and hence 

z 



'-e',x^ = Y.q-'da\ (2.31) 



1=1 

In z-coordinates (j2.22|) with from (|2.3H) the Lagrangian corresponding 
to (j23D reads 

L = L{z, z,M) = ^Af-'vacz^z'' - AfV{z), (2.32) 

where 

V{z) = J2 ^rexp(2<z") (2.33) 

rG5* 

is a potential, 

S, = {l,...,n}US (2.34) 
is an extended index set and 

w 

= -^^jdj, As = -wAs, (2.35) 
j = 1, . . . ,n] s E S. Here we denote 

< = eX = (^^e'=)r^,., (2.36) 

a = 0,...,N -l;r e S, (see flT^ V 

From (pTfjl . and we deduce 



«n = -(^/^ e°) = (^ f/r)/g(D - 2), (2.37) 



i=l 



r e S"*. 

For the potential-term and curvature-term components we obtain from 
(IT^ and (|T!?7|1 

= g > 0, = 1/9 > 0, (2.38) 

We remind that (see ()2.18|) ) 

{U^,W)=(^^^-1^<0, (2.39) 
for (ij > 1, j = 1, . . . , n. For dj = 1 we have = Aj = 0. 



3 Billiard representation 

Here we put the following restriction on parameters of the model: 

-wAs>0, (3.1) 
if {U',U') = -b + \l>0, (3.2) 

s E S. In what follows we denote by 5+ a subset of all s G 5* satisfying 
()3.2j) . As we shall see below these restrictions are necessary for a formation of 
billiard "walls" (with positive infinite potential) in approaching to singularity. 

Due to relations ()2.35|) . ()2.38|) . ()2.39|) and ()3.1|) the parameters u^^ in the 
potential ()2.33|) obey the following restrictions: 

1. A, > for {u^'f = -{u'of + {vTf > 0; (3.3) 

2. > for all r G S,. (3.4) 

Due to relations ()3.3|1 and ()3.4|1 the Lagrange system ()2.32j) for > 3 in 
the ("near the singularity") limit 

z° ^ -oo, 2° < -\z\, (3.5) 

may be reduced to a motion of a point-like particle in — 1-dimensional 
billiard belonging to Lobachevsky space [23 IHIIl ISH Oil • 

For non-exceptional asymptotics (non-Milne-type) the limit ()3.5p describes 
the approaching to the singularity, (in this case the volume scale factor van- 
ishes exp(J27=idiX'') = exp(g2;°) +0). 

Indeed, introducing generalized Misner-Chitre coordinates in the lower 
light cone z° < [221 EOI 

/ = _exp(V)l±^, (3.6) 
z = -2exp(V)7^, (3.7) 
\y\ < 1, and fixing the time gauge 

A/" = exp(-2y°) = -z^. (3.8) 
we get in the limit — oo (after separating variable) 
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a "billiard" Lagrangian 

LB = \hMfy' -y{y^B). (3.9) 

Here 

K^{y)=A5,,{l-f)-\ (3.10) 

z, j = 1, . . . , — 1, are components of the canonical metric on the (A^ — 1)- 
dimensional Lobachevsky space H'^^^ = D^^^ = {y : \y\ < 1}. 
The "wall" potential V{y,B) in dHS)) 

V{y,B)= 0, yeB, 

+00, yeD^-^\B, (3.11) 

corresponds to the open domain (billiard) 

B= f] BsC (3.12) 

ses+ 

where 

Bs = {yeD''-'\\y-v'\>rs}, (3.13) 

and 

Vs = -u'/ul, r, = ^{vsY - 1, (3.14) 

{\vs\ > 1) s e 

The boundary of the billiard is formed by certain parts of = l^+l 
(A^ — 2)-dimensional spheres with centers in points Vs and radii r^, s G 5+. 

When 5*+ 7^ the Lagrangian ()3.9|) describes a motion of a particle of unit 
mass, movmg m the (A^-l)-dimensional billiard 5 C D^-^ (see (HTT^ ). The 
geodesic motion in B corresponds to a "Kasner epoch" while the reflection 
from the boundary corresponds to the change of Kasner epochs. 

The billiard B has an infinite volume: volS = +oo if and only if there are 
open zones at the infinite sphere \y\ = 1. After a finite number of reflections 
from the boundary a particle moves towards one of these open zones. In 
this case for a corresponding cosmological model we get the " Kasner-like" 
behavior in the limit t —>■ —oo \34\ . 

When voli? < +oo we get a never ending oscillating behaviour near the 
singularity. 

In jST] the following simple geometric criterion for the finiteness of volume 
of B was proposed. 
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Proposition 1 [31J. The billiard B \3.1i3\} has a finite volume if and 
only if point-like sources of light located at the points Vg s & (see 
illuminate the unit sphere S^~'^. 

There exists a topological bound on a number of point-like sources m+ 
illuminating the sphere S'^~'^ |41j : 

m+>N. (3.15) 

Due to this restriction the number of exponential terms in potential obey- 
ing ()3.2|) m+ = 1 5"+ 1 should at least exceed the value iV = n -|- / for the 
existence of oscillating behaviour near the singularity. 

Description in terms of Kasner-like parameters. 

For zero potential = we get a Kasner-like solutions 

n 

g = wdT0dT + Y,Ar'^'^^g\ (3.16) 
1=1 

ipf^ = a^luT + ip^, (3.17) 

n n 

Y^dia' = Y,di{a'f + a'^a^hp^ = l, (3.18) 

i=l i=l 

where > and ip^ are constants, i = 1, . . . , n; /3, 7 = 1, . . . , /. 
Let a = (a^) = {a\ a''') obey the relations 

n 

W{a) = UXa^ = J2dia' + Xa^^a" > 0, (3.19) 

i=l 

for all s G 5"+, then the field configuration ()3.16|) - ()3.18|) is the asymptotical 
(attractor) solution for a family of (exact) solutions, when r +0. 

Relations ()3.19|) may be easily understood using the following relations 

A,exp[2A,(<^) + 270(0)] = A,exp[2f/^(x)] = C.r^^^^") ^ 0, (3.20) 

for r — > +0, where 7^ are constants, s G S+. Other terms in the 
potential ()2.6p are also vanishing near the singularity [211 EHl Ell Ell • Thus, 
the potential ()2.6p asymptotically tends to zero as r — » +0 and we are led to 
asymptotical solutions (|3.16|) - (j3.18|) . 

Another way to get the conditions (j3.19|) is based on the isomorphism 
between S^~'^ and the Kasner set ()3.18|) 

= ef nVg, (n'^) = (1, n). He S^"'. (3.21) 
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Here we use the diagonalizing matrix (e^) and the parameter q defined in 
the previous section (see (|2.29|) ) PH Thus, we come to the following 
proposition. 

Proposition 2. Billiard B has a finite volume if and only if there 

are no a satisfying the relations and i3.19^) . 

So, we obtained a billiard representation for the model under considera- 
tion when the restrictions (|3.ip are imposed. 

Here we present also useful relations describing the billiard in terms of 
scalar products 



VsVs' = = b-^XsaXs'ph'"', (3.22) 



s,s' E S^. They follow from the formulas m^m* — UqUq = {U%U') and 

(Eini). 

Proposition 3. For n > 1 billiard B \3.1'J\j has an infinite volume. 

Proof. Due to Proposition 2 it is sufficient to present at least one set of 
Kasner parameters a = {a\a'^) obeying the relations ()3.18p and ()3.19p . As 
an example of such set one may choose any Kasner set a (obeying ()3.18|) ) 
with a"^ = 0, for example, with the following components 



diidi + d2) d2{di + d2) ^ ^ ^ ^ 

where R = did2{di + d2 — 1). In this case inequalities ()3.19p are satisfied, 
since U^{a) = 1 for all s. The proposition is proved. 

Thus, according to Proposition 3, for n > 1 we obviously have a "Kasner- 
like" behavior near the singularity (as r ^ 0). The oscillating behaviour 
near the singularity is impossible in this case. 

Remark 1 (general "collision law"). The set of Kasner parameters 
(a '^) after the collision with the s-th wall (s G 5"+) is defined by the Kasner 
set before the collision {a^) according to the following formula jSHl 

'A ^ a^-2W{a)W\U%W)-^ 

l-2f/-(a)(f/^f/^)(f/^ [/«)-!' ^ ' 

where U'^ = G^^U%, U'{a) = U%a^ and co- vector is defined in (ESDI)- 
In the special case of one scalar field and 1-dimensional factor-spaces (i.e. 
I = di = 1) this formula was suggested earlier in jHSj- 
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4 One factor-space 



In this section we consider examples of /-dimensional billiards with finite 
volumes that occur in the model with /-scalar fields (/ > 2) and one scale 
factor (ra = 1). Here we put h^/s = S^p and = (A^i, . . . , A^^). 
Thus, here we deal with the Lagrangian 

C = R[g] - dM0dN0 - 2 5] A, exp[2A<^]. (4.1) 

s£S 

where = {ip^, ...,</}'). 

In this (one-factor case) the following proposition takes place. 
Proposition 4. For n = 1 and h^p = Sap the billiard B i3.1^} has a 

finite volume if and only if point-like sources of light located at the points 
b-^/^\s e H', s e S+, (b= {D- 1)/{D -2)) illuminate the umt sphere S^'^ 

Proof. According to relations ()3.22|) the set of vectors b~^^'^Xs G 1R', s G 
S+, is coinciding with the set Vs G IR', s G 5+, up to 0(/)-transformation, i.e. 
there exists orthogonal matrix A: A^A = 1, such that b^^^'^Xg = Avg G 1R\ 
s G 5"+. Then the Proposition 4 follows from Proposition 1, since the sphere 
S*'"^ is illuminated by sources {7s, s G 5+, if and only if, it is illuminated by 
sources 6~^/^As, s G 5*+. 

According to relations ()3.16p - ()3.18|) we get the following asymptotical 
behavior for r — > 



gas = wdT®dT + AiT^/^''~^^g\ (4.2) 
(fas = a^^^r + 00, (4.3) 
)2 = = (Z)-2)/(D-l). (4.4) 



Here 00 and a,^ change their values after the refiections from the billiard 
walls. Thus, here we obtained the oscillating behaviour of scalar fields near 
the singularity. 

Remark 2 ("collision law"). From ()3.24|) we get the "collision law" 
relation in this case 



^ -1.f-t/-1.7*-#\/-\0 7X17* V'/ 



a^-2{l + Xsa^){Xl-b)-'X 
l + 2(l + A,«^)(A2-6)-i6 

The Kasner parameter for the scale factor is not changed after the "collision" 
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/ = 2 case. In the special case of two- component scalar field (/ = 2), and 
m_|_ = IS+I = 3 (i.e. when three "walls" appear) we find the necessary and 
sufficient condition for the finiteness of the billiard volume in terms of scalar 
products of the coupling vectors As G IR^, s e 5*+. 

Proposition 5 . For n = 1, I = 2, hap = Sa/B and nij^ = \Sj^\ = 3 
the billiard B liy.l^) has a finite volume if and only if the vectors Xg G IR^, 
s G 5*+, obey the following relations: 



b-%Xs' > 1 - \/b^s 



Proof. According to Proposition 3 we should find the necessary and 
sufficient conditions for three points located in Vg = 6~^/^As, s = 1,2,3, to 
illuminate the unit circle S^. Here we put 5+ = {1,2,3} for simplicity. It 
may be obtained from a simple geometrical consideration that such conditions 
may be chosen as the following ones: 

Oss' < arccos + arccos 7-^, s < s', (4.8) 

and 

012 + 923 + ^13 = 2n (4.9) 

where 

— * — * 

6ss' = arccos , ^ ^ ^ , (4-10) 

\Vs\\Vs'\ 

is the angle between vectors vl and v~^i s, s' = 1, 2, 3. Relation (j4.8|) means 
that the angle between two vectors Vg and vl' should not exceed one half of 
the sum of two arcs on illuminated by source of light located in points vl 
and vl' (see Fig. 1). 

Relations ()4.fj|l may be obtained from ()4.8j] by acting on both sides of the 
inequality by function cos. Relation ()4.7j) is just equivalent to ()4.8j) . Relation 
fl4.9|) exclude the situation when points vl, s = 1, 2, 3, belong to a half-plane 
with a border-line containing the center of the unit circle. The proposition 
is proved. 

An example of (sub-)compact triangle billiard with a finite area in the 
Lobachevsky space is depicted on Fig. 1. 



l^b-^Xl-1, s<s', (4.6) 
arccos -^^ ^ — = 27r. (4.7) 

s<s' I As 1 1 As' I 
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Figure 1. Triangle sub-compact billiard with finite volume for n = 1, I = 2 

and m+ = 3 . 

In the symmetric case when all = 46 and A^A^' = —2b for s 7^ s' we 
get an example of non-(sub)-compact billiard with finite area. Such billiard 
appears in the well-known Bianchi-IX model, see Fig. 2. 

For "quasi-Cartan" matrix defined as Ags' = 2(f/'*, U^')/{U^' , U^') we get 

/ 2 -2 -2 \ 
{Ass') = -2 2 -2 . (4.11) 
V -2 -2 2 / 

This matrix coincides with the Cartan matrix of the hyperbolic of Kac- 
Moody algebra that is number 7 in classification of This Kac-Moody 
algebra is a subalgebra of A^^ 43^ (see also jHTl IH5]). 

5 Discussions 

In this paper we have considered the behavior near the singularity of the mul- 
tidimensional cosmological-type model with n Einstein factor-spaces in the 
theory with scalar fields and MEP (multiple exponential potential). Using 
the results from [23120112111311 we have obtained the billiard representation on 
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Figure 2. Triangle billiard coinciding with that of Bianchi-IX model. 



multidimensional Lobachevsky space for this cosmological-type model near 
the singularity. 

Here we have shown that for n > 1 the oscillating behavior near the sin- 
gularity is absent, i.e. solutions have an asymptotical Kasner-like behavior. 

For one-factor case we have described (in terms of illumination problem) 
the billiards with finite volume and hence with the oscillating behavior of 
scalar fields near the singularity. 

In the model with two scalar fields and three potential walls we have 
found the necessary and sufficient conditions (in terms of dilatonic coupling 
vectors) for triangle billiards to be of finite volume. 

Appendix 
A Equations of motion 

Here we outline for the sake of completeness the equations of motions corre- 
sponding to the action 

Rmn — -9mnR = Tmn^ (A-1) 
15 



^b]^'^ - E 2A^e2^=(^)A, = 0. (A.2) 
seS 

In dHJ 

Tmn = hap {dM'^'^dN'^'^ - ^QMNdpip^d^ip^^ - V^qmn- (A. 3) 
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